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Conlext

Conlext: describe a closuce sys"em with implicakions A = x where A

is o “minimal " c)ene.ra"or of X

NWW\\— meanings o? minimalily lead fo dfe?e.renl— implicakions

We o in"eres\'ea‘ in Hne. E - base



QuesHon ) O esu.\ "S

Queskon: some.\\'mes the £- base 1S vaJ.'A, somz\’:mes TR R

so what are the classes oﬂ (dosure) \attices where it is valid ?

THM (Adaridheva, V., 25+) : the €- base ag & closure
sys\’zm with semidis\'r?bu\‘;w: \a’t\’;ca s valid ond minimom

Ober ( upcomu’ng) resulfs :
* valid : atomishic modular lattices, lattiees o?. Bu’nary malroids
* non-valid : 3eome¥rfc, modular and 3ofn-c1fs{‘r?bu|‘1ve |alhices
* hadness of co'npu\'frg E-relaion from context o ?mpkca‘\";ons 2



PART 4: what is the E- base !
- some no"&kons
. meam'njs of mu'm'ma|i"y

¢ the £-base

PART 2: is the E-base valid ?
¢ related work and resulls
- E-bose ozjafns\' canonical base
- €- 3mm|’ors and prime elements

OuMine



PART 4 : whatis e E-base !



Closure sm{s"e,ms

+ closuce sys‘tm (s,%): cf)rouncl se,"S, @c 2° contains S and

S= 1’0«, L,C,d; ez ‘( abcde

s c,\osecl ondes {nterseckion

¢ dosure oPeroA'or 47
* dosure lattice ( g c)

C-6(): A spons C
Xeb®): A guerles X




imp I.' cal';ons

. Tmp\fmhona\ base (1B) (S,Z): 2 Sc.\’ og fmp‘fca"';ons A-B
with A,B¢S

 associafed dosure sys"em (s, E;)
- each cosure sys"e,m odmiks 74 1B

(5,2) is a wlid 18 of
(s,%8) if 6s:-%

C

e blb) 8

Z:{c-ﬂ:,b-)a,c‘-?a., ,ae-)bcu

Rl



%

Flavers Oe m?nfmah"y

some “minimal ” rju\e.m\brs 019. c

ae is below de

Sul)se.\' min *

d(bd) ¢(ae)

*
order + closure min

e o *
mrnimal (ﬁuua\'ors D- genero,\% s TE- 9enera{6rs



The E-&nse

DNEF: AcS s a E-genera.\'br of x fe
(1) x € ¢(A) but x ¢ ¢la), a€A )
(2) for ol Bs Upla), x € $(8) 5 AcB | order min
(3) (P(A) € ming {(l)(A') A’ so}ns?-ms (1) ond (2)} ' closure min,

DEF: the E-bose of (S, 8)is (5,2) with
Ze={a-sb:be
ugA-)L'. ATsaE—gemra}'arog-\:‘

AR
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s the E-base valid f

Zg = {c-hk, c—m,lo—va,d-)al(
U{. ae 2 b, ae>d, bA—)Cl(

&

Valid impicationd base

not cnrrec.\"y described
2g = {ac—-%L, lﬂ-)cz aAA\')c?

)

Non - valid ?mp\fcn\‘;om\




PART 2: is the E-base valid ?



E-bose on'cbins and relal'eA Nor'(s

On':ju'ns of the E-base
* £ -genem"ors come erom free latfices, Freese eal. 199§
* Yhen turned inko an 1B, Adaricheva e al. 2013

Queshion : what ore the dasses of lattices where it is valid ?

Known requ"S ( Aéarl'c.‘/\wa e,\- a\. 2013 )

o valid and mintmum in lower bounded \athces,

‘ Mﬂ"\lﬁ“d in convex lﬁQ.OMQ.\'I"\'C.S n o)e.nu'a\

bec‘uceJ grom eaurll'er NOfctS (mos\—\y Wild,"S%q , w||d,2000)
+ valid in domishic modular laffices and \ofnar\{ madrolds



https://bookstore.ams.org/surv-42
https://www.sciencedirect.com/science/article/pii/S0166218X12003319
https://www.sciencedirect.com/science/article/pii/S0001870884710693
https://www.sciencedirect.com/science/article/pii/S0166218X12003319
https://www.tandfonline.com/doi/abs/10.2989/16073600009485964

C ,asse.s og |athices w'i“\ valid €- base
semimodular fy semi d fs"\'ibu\’;vi\'y

bounded ness

O velid E-base
O non-valid E-base in gc.nera\
W Lnown resulle 14
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Towards S\'ruc}'wa.‘ fnsn’g\n“s

Question : how fo s“udy the Va‘?dn'l’y of the E-loase
(in pal'l'fc,ular 1eor semidistvibutive lattices)

Two ideas :

(1) compare the E-base with the canoaical base
(2) ,e:‘no( the meaing of €-5enem\’ors in the. lalfice
in ferms o{ prime Jemenh

12
22



va’ - closed ) Pswclo _closed ) essenti ol se_"'s

. Q e S c,uasf—dosec‘: -{of Y.GQ, ¢(Y) C qD(Q) fmpll'e.s (P(Y)QQ
. PeS pswdo- closed 1 ¢-min ciwxs.\' - closed spanning sels of &(P)
+ Ce$ esenhial seb: C = ¢ (P) (or some pseudo- dosed st P

C essential se,\’

@
spannfrvi sehs dg C
o o ‘
/ o . o 0 ¢
pseu do- closed o /, % mmum.a jPa::l\lng( sc\’og
'[ _ O\ \o o q‘ko\S|' oS hon - DSQA)
\(/,, - \\o 0---0 seb- inclusion
® P ® ) e ® ®

N
N |



Canonical bose (see, e.q., D uquenne , Gw'g\ues, 4‘33‘)

DEF: }he canonical base oe (S,8)is (S,ZC) where
ZC= { P - (‘)(P)\P 27 pseudo-c.‘oseJ(

ZC= C-)at),
d»a,

ae 5 bed,

bda > ¢

THM : any valid 18 ag_ (S, &) conYains
on imp\ica"’-'on A>X with AP and
JP(A\z (‘)(P) .eor ench pseuzlo-dosed et P



https://www.numdam.org/item/MSH_1986__95__5_0/

E - L)ase VS, CanonfcaJ . m:'ssfng essenl'fal Sejk

Z- ZE
o> b oc->b
bd > ¢ bdsc
ad 5 be




E- Lmse VS. canom'cal . mu'ssfnS Psw.c]o-c!osed se."'s

Spanm‘ng . <J's D abcc\e
of abcde >/ “tod  abee
(o O ccl
'l \‘ o‘ e
o o
be de

« Each essential seb s sPanneJ
by some E -gencra“or

v essential seb aboede
Zc Zg

abcesd  aead, bed
gbcdve adae, bdse
cde > ab

PROB: PSCMAO-CJO%A St" CAQ no“ SOLSUMCA LY (M\Y £ "3&02.(‘0.{'0"

sPannn'nﬂ abcde
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£ - Lmse VS. Ca::onfca' . nol' reachfnﬂ u\ou.:&\ e,‘e.me.n}'g

. Each pseu.clo- dosed sk 1s sobsowed
|oy a E-genem‘?)r s‘xmm'ntj the same
essential ek,

o= e, d—a\oa, b-»a, c2a,
abed 5> e, abce>d, of +bede

Zg =eca, d-e\oa, b-m, caya,
cdoe, \oe-)d, a!ebc

alg—) de is not true in Z¢

PROB: the £-base does nol' genero.l'e e,nough e‘emen"é



R’\' me z,\cw\en“'s

DEF: xe S is prime in (5.%) if it has no minimal
genero"ors of size 7, 2.

X 15 prime
& X has no E- 3zno.ra.brs
& blx) is yoin- prime. in (4,¢
& there s a onfquz maximal closed

sk M in {c:ce¥,xdct




E- genera{brs and Pn‘rm‘u' |"y
(€,¢) ()

O

X
R~

x not prime spam\ing se.|'s of_ cl)(A)
c-min span. seks
order min Span. seks

A

LEM: AeS E-genof x iff:
() x € §(A), xg d(a) for a€A
(2) .gor E¥, x€C ond c (A
= x prime in

(3) A is an order- min span sel og 1)(;4)

X pn'me

19
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The £ - base reg\ec.\'s i the canonical base

INEA - closures ae E-au\ o¥ X de‘fnm"e the pau'" o(. the
lattice where x fs nok prime. . T'ne\( are Yessential? fo the
closure sYs\’e.m and in fo.;,\' essential s"n'c.H\/ sPen&fnj .

THM (Adoricheva, V., 25+) : for ay C€TC thot is the dosure
oc some E-3m o‘ X H\e.re is P> C\P in 2¢ and ouE-y.n
Add x s.t. AP and M) =40 =C,

22



A word on Semfc:(n'sl'rn'lou‘l‘fv?"‘)/

Queshion : what males ‘Hu'ngs worle in semiclishibutive loffices 7
H\ey are built oromd prime elements |
. semfdfsh'ibuh'vil'y: Join- + meek - Semfalu'sh-n'l)al'fvﬂ‘y (Sb;-t SDy)

+ SO; says :each C€ & has avnigue order min. span. sl that

moreover consishe in prime elements 4 VC

+ S0y adds : each psequ-cJoseJ sek P reduces 15 a join" E-cjen

og U\O“g‘n Pn'me elementz og Preo(essors of (P(P) i;l‘



Conclusion

ordes + s order min, sobsel min.
closure min,

A - onlike the DN-base and the e diced Base,
e E-Lase is not olways valid

Playfng wil"n prime ele.men"s, ctmsf - dosed, pson-doseA
and essential sehs we can show that :
- fhe

* the \S ond 22
22
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