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Thn fack, closure su,s\'ems

P_E& A closure system s o pair (X, &) where X is o set, B grou\dse"‘, and
T o colleckion of subseks of X Sal-isgyina XeGond CanCoe ¢

for every Cy,Cy € &

1234 . Seks in % are closed Sc“s
e poic (‘6,9)15 o \o\““ice
. Indu.ces a C\osurc oPe.ra\'or (k:
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T pro\o\e.m with dosure $\/5Em5

o C\osure S\(s\’z.ms ore u‘l)l'qui\’ou

' K'\ouu\ed%e. Spae. —IT\MN{, Arcbumc,n\'af\’:on \'»mory, ﬁ‘oposT'\‘fona‘ |05|'c,
formal Conco_P\— Amlysis (FCA), Nota bases oo
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HQQ-\—- \er QAQ.U‘.L\Q L\QMC“\.S . in\.ll:l"'\Qﬂ
. We want 6 compo\c\-\y represent o closuse system (X, %)

E,rbEAI finJ o small subset ol %/ which conveys 0l the inls cmakion of (X, 958

. Use properl-?cs 02 closure sx(d'uns
. X € g “ri\lia\\y holds — useless
,Ce® is obtasned \oy in\'arscc‘-n'ons

= useless

L, Cefis not oblained k\/ infersechions
~ Cis cudal b (X, %), it is irmeducible

The irreducible closed Se,\'s rorm the minimal
amount 02 ses needed Yo rebuild €

'
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H&L\'- irreduat L\e c,\zmcn" S . def-fr\?l'?on

Dee. Lek (X, ®) he o dosure system, ond | Me &, The closed set M is
mee} -iereduct ble i? M+#X and for every C, Geb,

MzCnC, implies eibher M=C, or M:¢C,.
We dende by Mi(8) the sk of meek-irredudbe elements of (X, €).

(€, <)
Mi (%) - 2 3,234, 4, 4u,434}
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Mee.\‘-:rcedudh\e e.\emen“s T mofe QXOLMP‘QS

. (X, &) Boolean Cu[)e, | X|=zn
M@ X\ | x e X
2" 18 > I M@ = n

K is fixed

. (X,8) is a(arfd, 1X\=n
M) = {X\¢6 | x e X]
"2 18> [ Mi8)] = n

. (X’{)o) is a ciamond, [Xl=n
. 1"1{(‘5%“;& | x eX|
cn+2 = [€l= [ M4i(B)] = n
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fmplfca"‘fons ‘ sYn“om ond seman";c

.b_E_F;. let X be & sek. An imp‘l'mhon aver X is an expression A R where
ABcX. An implfca'\'Iona\ hase is & pair (X,Z) where Z is asek ol

imp‘fca“‘ions over X .

Dee. leF A= B be an imPlfccﬂ'.'on over X, and C<X. Then, C sakisfies A8
if A Cimplies B<C. TP (X,Z) s an implicational bose, C satisties =
i? ib satisfies each imp\u'ca'\-l'm of Z.

CX=14,2,3,4} 7 {nsy, 234
. 13 does not sa\'iszy s (413-~4)
. 234 sgkiclies 2
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Imp\\'ca\’;ons and closure sysléms

. begine Z;a(Z): {CSX | C satisties Z;, w‘t\a\' do we have ?
. X € E(Z) holds
: '4 € Gy € i)o(z), t\mssarf\y C,nC, € B(Z) also holds

@n impll'cakona\ b%ﬂ (X ,Z) repre.se.n"s & closure s\/s\’em (X, E)ﬂ( ZD
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12
¢ 37



Closure sys\'ams and implicaﬁons

encode

'umP||'wA-iona\ bases > closure sys\'e.ms

encoded by 7 YES!

. Given (X, ©) , any closed set inc\udin3 A also indudes 4)(/1)
The closed seks scﬂ‘;sgy A—> CF(A)

Rk ZJAS MV AKX TLAZ &, A does ook saishy Z
(X, Z) represents (X, ¥)

TAM, L FolKlore ) Every closure sys\'em can be represented by an impli calional
| bose ok lesk ne)
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AI‘ \QmS\’ one ?

¢ ¢
41— 1
2 — 234

’ 43%-)454

QQS’-( — 1234

A

Der. Two imp“ca\'fona\ boses are equﬂva\m" if Hne.\/ represcnl‘ the. same.

closure sys"em .



Which one is P besh ?

. (X,2) can enjoy minima\]\'y PPOPCF'HCS'.
Our aim

(A) non-vedvndant : cannot remove any imp\ic«\{on from Z
@) minimom ! Z has bhe least possilole number of imph’m’rfons{

() optimum ¢ 2 1A1 181 s minimdl among all equiv, (x,z%)
A-SBEZ

, )2 ()3 (1) but (3) had o op‘\'n'mize, whik (), ) po\1 [ Ausiello et al., 1386]

; (X,Z) can have specj{’-n'c iMP“LOCHOﬂS:
. P @@ with P pseudo-closed anycanonical base [Buque.nnc, Guigues, 1994 |

A b with A aminimd genem\’or ol b ~% canonical direct base

[Be,r\'e\‘, MOnjachej', 2010}
A b with A N-over 02 b~ D-base [Adaricheva ef a\., 2043]
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’/rmplicaﬁoml bases : more examples

. (X, &) Boolean Cu[)e, | X|=zn
2=
2% |8l » 1T =n

N34

K is Dixed
. (X6) s agn’d, [X1=n by (134
2k o 00 I b G xeX] 2 34
af 2 €15 121z a / 3

¢

12302 . (X,Cg) is a ciamond , [Xl=n
4@5 . L= {xy —ﬁ(b(XY)‘K,YGX,X?L"/}
. n+2 = 1€l < IZ‘znz

?

AN
o~

|



Oulline

&

> c\osure Sy s\'e,ms

7 — 34
13 — 4

w\-x
] )



6“'"\&\ S\’O« \ZMU\"'

PR_O[E. /\;mp\ic_a“’fona‘ Base jdcn“’u'gfca“’;on (reT)
Th : the mee-irredudble elements Mi(%) of a closure sysfem (X, %)
TasK: find & minimum ]mPlfca‘HOMl base (X,Z) for (X, ¢)

fros. Compud’u'ng Mcd—-IrredudHe (CMI)
“Tn: an (minimom) implicational hase (X,Z) of a closure system (x,2)
’Fask: pind Hhe mee."-irredudue elements Mi(%) ol (X, f)d)

. |-|ypolr\1esf5: (X, €) is slandard
. e ¥
. ‘#(x)\\)x,(e ¢ -ﬁ)r all xeX

AN
(o)

|



’W\e proUems are E.lSQNL\QFQ_

® finite sels | closure system meet - irreducible ""‘P\"C"*hc’“s
®KST know|eA3e Spoce otoms queries /e_nl'&ilmen\-
FCA Con(_ep)f latice |(ceduad) conlexi a\'\ril)u\'e '\MP\,’M\-;O,\;
® Hom h”ﬂk models Characleristic models | Fore Horn CNF
ba"a‘oa.'SS C‘OSLME SYS"EM A\“MS\?‘OI\% re\a‘\'\' on Emc\-'i OML\ he,pe.ﬂaeﬂdQS

@epmdn’ng on the Y-k\d, one og. or CMT is more n ura\)

. Queries “I{! the students in‘ the items in A ) H\ey ‘ai\ He items in B
. a\"rilau\’e '\mp\?cot\"uov\s : ‘ The obje.c"s L\awl'nﬁ olbcibues A also have altei bules R"
. Hora CNF : Horn clavse (1v3vd) & imp‘fcachon 13 =4

o \’/unc.hona\ hePQﬂAU\ClQS: ) Two {‘UP\QS eqm' on A ore equal on B !
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Closure sYs|’ems arise crom severa.‘ objec"s

— parhicular cases of CMT, TBRY
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Comparing Me reprsenlations

Queshion (x,2) Mi (%) (X, €)
s x in & minimal ey 1| NP-¢ po\\{ pely
s P Pseuc‘o-closed ? poly co NP-¢ po\y
s & & convex C5eomc"r7 ? NP-c¢ po\y po\y
Relative size [ Adaricheva, Bichoupan, 2023 )
size of .., wrl Z - exP(\i\\ exP(\i\\
size of Lu o werk Mi(8) | 2pliti(e)) - 2xp (1M1 ()
size of ..owr kT <lEIxIXl <1E) —

Each represen\’of"ion, Zor Mi, can be much smaller than the oHner
The comPlexil'y o{- a proL;\un depet\c\s on the reprasen\’a\’(on
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ﬁM.kn' no Up mol'u:vakons

. Why s\'ud\lu'nﬁ TBT and CMTI T

. The pro\n‘e_ms 1 5e ﬁrovn di ﬂ)erenF (—(c‘AS
. Tt\ey are ]mpac\'e& br He l'ype og closure sys\'em ot hand

o Each re,prese.nl'aﬁon has its own ‘)enepﬂ's

Go now ... what about Heir mmp\ﬂxi\'ya
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EnumeraHon : tdea

; '_,E_BE and CMT are enumeration proUQmS: we ‘T\( b lish o‘o']e.c,\‘s

. BUA’ H‘\e Ou“pu“ mo.y L\MQ txponen"ia‘ Size w.r.|'. HN. '\npu\'

PROB. Rwerset . Rwersel s easy bo solve
Tn: &S(’.\' X . Su" ony a\gor?\-‘rw\ w'\\\ \’ake
Task s list all the subsels of X ot least 0(2%") Fime oo

CI DEA : |"ake Ou\'pu\‘ sige .m‘"o (ACLOUf\*' — OU\"PUA‘- SQI’\S'lee. Comp\od\?\j
)

1 (see s [ Tohnson oF al., 199¢]

. Powe.rse" can he solved in pok/- Eme in ik inpu“ and ou\'pu\‘

w\M
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Enome rar"; on: oulpul-- sens! l'.'ve om p\ex\' \'y

. Enumeradtion fask: given an inpul x, lisk & st oe solutions R (Ge)

Execsdtion Fime of A (E"UW“‘."M a\sorl'"\/\m Aj
|-------=- - - - | X og wi1ge n, Q(x) 01( sizge m
L (nvm) N
poly (n+m
lrLl L] 1 @ . ||al . output- polynomial +ime
POIY (n) t-th solution
— .
— : i:,. N - . poll/nowu.a‘ delay
poly (n +1)
( N . . .
lLLl | ] 'l l . Incremen oJ polynomlal hme
| |+’('n+m)0(|03(n+ m))
r N\
L1 I | 111) v ou'l'pu+ quasf-po‘ynowu.a‘ H me 24

{ J
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Firs\' idea

ExPonen\’I \
bl ow- UP

poly-delay
( Nextclosure)

paly -delay
( Nextclosure)

poly - Aelay poly - Aelay
(check property) (Aftribule incremental )

mqe\'—irredudlo\e lements é_\_% ]mp'fca-\-iona\ bases

Cannot compu"e e closore sys\'em 6 solve TBT (or CMI)

——
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The, fruth

C-“;\e comp\od\‘\/ og CMT ond IBRT is unKnown )

. Harder Haon enumesali " b, maximal independent sefs of a hypergmph

[ Khardon, 1993 5)

: anAing he maximal mak-icceducble elements is hard [ Kawadias etal, , 2000)
, Findinﬂ e maximal pse.u_c\o ~dosed sebs i hard [ Babin, Koznetsov, 2013

e

. General (cxponenh'a\\ a|gor7nxms [ Mamila , Raiha, 4332], Lwild, 43353
. Trackable cases ; Sb, lalfices, Fpes of convex qeome\'ru'es , modular lattices , ... -l-
[ Resudou e ol., 2013 [ Nousine, V., 2023+), TWild, 2000)

o Sorve\{s [Bertel ef al. 2048-], [\;J‘\d, 204’.)]
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HYP"")“‘P\‘S

2 _]_)EF_ A hyper(jmpk IS & Pair U= (X, E) where X
‘ 15 & seJ' and £ a ollechon oe Su'osel's op X

< H=(x =3/1,...,5$ ,?E,,,EZ,ES,EQQ:

\ E/l: 423) 52:42‘{, E3:3q)Eq: 45

MIS (N
‘[)_E\i le} '\-( =(X,ES |ae & kyper%ro.Ph. A set TeX \ )
is an independent sek of U il E¢ T foroll

Eet I,
. Maximal (<) inc\epen&n\' ceks 0? I T, 1
Mls(q'():{ IIZII3 /Iq) IS‘ 05

, Tg =135, T, = 124, 'Iq;w, Te=24
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Enom - MIS

Prog. Enom Max. Tnd. Sebs (Enum-MIS)

CE—

Tn: o (simple kypercbmp\n K= (X, €)
TasK @ enomsrale He moximal (<) indepcndcnjr sefs 0£ H, MIS (H)

. Opcn prolo\e,m oo LEiker al., 2008]
. Quosi- poly odgoriH'\m [ fredman, Khadniyan, 1396 ]

N
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gﬂ_:_f s harder than Enum-M1S

Gﬁ.’(f) = MIS(H) 4 Some of the I\%x{, T€M\S('HD

Ec\ge E becomes E— X
5 =423 29X, 124 =X, 34X, 45 > X] 99

—
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T"\e Lig pic{’ ure

closure sy stems
PO‘ Y - AQ\G.Y
( Nextclosure)

paly -delay
( Nextclosure)

po\y - Aelay po\y - Ae|ay
(check pro perbl\ (Altribuke increm en“a\)

CMI 3 Eaum-MIS

meel-irredu ble elements Ak leask quasi-po\y 'ump||' whionol boses

~—

TRT » Enum-MIS

E’i L kchardon, 4925) CM_T- ond E are harder Han Enom-MIS

30
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A glimpse of our results

V- emidi skt hubive Lower- semimodular

[o\uer boundec‘

Convex o0 melties

D- cjcomdﬁes

Ac,\./c(u'c ?/
b?sjrrn)uh've i

Boolean impli cations

'[l-_lﬂ fbe(—fa'\r\, Nourine , Vi, 2024] CMI is harder
, Than Enum- MIS even 3? (X,Z\ s aulc\fc.

Tili. [Uou\‘ine, Ve, 20234—] ’l:g (X’Z\ hos an
appropriote decomposition, CMT can be solved

n oo\\‘pud’ Cluosi—po\\/nomh\ Hwe




Conclusion

. Closure sYs\'e.ms are U\o'nquﬂ'ous but \nuge_ and com p\ex — use re.presw\'oA‘TonS !
. ’Imph'caHons n I]e we have A, we have B
. Meek-irveducible dlements 1 the core 0@ the s\/s\’e,m

; _l?av\s\a‘\'l'r\g hetween the represcnjra.\‘ions (CMT ,IB'_[\ IS ‘[’asdno} \ ng IDU} “owjk

. Our proggess on acL{c(ic impll' cokions
. He problem (CMT) s a\reaAt/ quih’_ hard (3 Enum-MIS)

. BUA" we N mar\otje_ Some. (Ases N\HI\ nice. dewmpos?l‘fons

o Whas next ( Acyc(ic ond beYonA 7 Other dases ¢ Hordness of the proucm ?

32
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